ABSTRACT. Let F be an algebraically closed field and let G be a semisimple F-algebraic group for which the characteristic of F is very good. If X ∈ Lie(G) = Lie(G)(F) is a nilpotent element in the Lie algebra of G, and if C is the centralizer in G of X, we show that (i) the root datum of a Levi factor of C, and (ii) the component group C/C o both depend only on the Bala-Carter label of X; i.e. both are independent of very good characteristic. The result in case (ii) depends on the known case when G is (simple and) of adjoint type.
Let E and F be algebraically closed fields, and let G E and G F be semisimple algebraic groups over E and F respectively. We are going to assume that the root data of these two groups coincide. Further, we suppose that the characteristic of E is 0, and that the characteristic of F is very good for G F -see §3.8. Using the Bala-Carter Theorem (4.4.1), we may identify the set of nilpotent orbits of G F in Lie(G F ) = g F with the set of nilpotent orbits of G E in Lie(G E ) = g E .
Suppose that the orbits of the nilpotent elements X E ∈ g E and X F ∈ g F are the same under the Bala-Carter identification, let C E be the centralizer of X E in G E , and let C F be the centralizer of X F in G F . If H is an algebraic group, one says that a closed subgroup L ⊂ H is a Levi factor if the connected component L o is reductive and if H is isomorphic as an algebraic group to the semidirect product L · R u (H), where we have written R u (H) for the unipotent radical of H.
The groups C F and C E have Levi factors L F ⊂ C F and L E ⊂ C E . Indeed, this is immediate in characteristic 0, since a result of Mostow shows every linear group to have a Levi factor in that case; in positive characteristic, existence of a Levi factor for C F may be deduced as a consequence of Premet 15 ] for examples of "extra" nilpotent orbits for these primes. So our statements must at least exclude "bad" characteristics. We have not, however, attempted to prove our results for semisimple groups in all good characteristics. Instead, we have chosen to prove the theorems of this paper under some "standard" assumptions on G; in fact, we will prove Theorems A and B for the T-standard reductive groups introduced in §3. 9 . A semisimple group is T-standard in case the characteristic is very good for G, but the group GL n is always T-standard. Thus, our statements apply, for example, to the group GL n for any n, but not to SL n when n ≡ 0 (mod p). Note that the centralizer of a regular nilpotent element in SL n is the direct product of a connected unipotent group with the group µ n of n-th roots of unity; thus when n ≡ 0 (mod p), the naive statement of Theorem B would not be correct for SL n .
In the remainder of this introduction, we give an overview of our strategy of proofs of Theorems A and B. We first observe that -as a consequence of the Bala-Carter Theorem; see (4.4.2) -it suffices to prove these Theorems after making a particular choice for the fields E and F. For convenience, we will prove the result when F is an algebraic closure of the finite field F p , and E is some suitable algebraically closed field of characteristic 0. The proofs will be given in §5.8 and §7.6. We now give some further details about these proofs.
1.2. The instability parabolic. As already mentioned, we rely on the fact that the nilpotent orbits for the group G E and for the group G F are described by the Bala-Carter theorem; cf.
§4.4.
Recall that a key idea behind Premet's recent proof [Pr 03] of the Bala-Carter theorem was to use a result in geometric invariant theory -due to Kempf and to Rousseau -which attaches a collection of optimal cocharacters of G to an unstable vector in a linear representation of G. Let us explain this a bit more. Write G for one of the groups G E or G F . An element X ∈ Lie(G) is nilpotent if and only if the closure of its adjoint orbit contains 0; such vectors are said to be unstable. The Hilbert-Mumford criterion for instability asserts that an unstable vector for G is also unstable for certain one-dimensional sub-tori of G. The Hilbert-Mumford criterion has a more precise form due to Kempf and to Rousseau: there is a class of optimal cocharacters of G whose images exhibit such one dimensional sub-tori. One of the nice features of these optimal cocharacters is that they each define the same parabolic subgroup P X of G; this parabolic subgroup is known as the instability parabolic determined by X. The instability parabolic subgroups determined by nilpotent elements play an important role in this paper.
When G is a reductive group over an arbitrary field K and when X ∈ Lie(G)(K) is nilpotent, one knows e.g. by [Mc 04, Prop. 27 ] that P X is a K-parabolic; cf. 4.1 for more on these matters.
1.3. The component group when G is of adjoint type. Let again G be one of the groups G E or G F , and suppose that G is of adjoint type. For a reductive group in characteristic zero, Alekseevskiȋ [Al 79 ] determined the structure of the group of components C G (X)/C G (X) o for each nilpotent X ∈ Lie(G). Sommers [So 98 ] gave later a more conceptual argument for the determination of these groups.
Moreover, given nilpotent elements X E ∈ Lie(G E ) and X F ∈ Lie(G F ) with the same BalaCarter label, one knows for semisimple groups of adjoint type that C E /C o E ≃ C F /C o F . For a while, this was known only through case-checking -especially, by the work of Mizuno 1.4. Group schemes. The proofs of Theorems A and B are achieved by studying reductive group schemes over more general base schemes. Let us give here a brief overview of the argument.
We consider a normal, local, Noetherian integral domain A with residue field k and field of fractions K. Recall that a point t ∈ Spec(A) is the same as a prime ideal p t ⊂ A; write k(t) for the field of fractions of A/p t . The closed point s ∈ Spec(A) is the maximal ideal of A, so that k(s) = k is the residue field. And the generic point η ∈ Spec(A) is the prime ideal 0 of A, so that k(η) = K is the field of fractions. For any t ∈ Spec(A), we write k(t) for a separable closure of the field k(t).
Let G be a semisimple group scheme over A. For t ∈ Spec(A), we write G t for the group G /k(t) obtained by base-change; thus G /k(t) is a semisimple group over the field k(t). We insist that the characteristic of k is very good for G s = G /k ; it is then immediate that the characteristic of K is very good for G η = G /K ; see §3.8.
An A-section of the Lie algebra g = Lie(G) of G -i.e. an element X ∈ g(A) -is nilpotent if its image X K ∈ g(K) is nilpotent. If X ∈ g(A) is a nilpotent section, write C = C G (X) for the centralizer -thus C is an A-subgroup scheme of G. Now, C /K identifies with the centralizer in G /K of X K , and likewise for C /k . If the groups C /K and C /k have the same dimension, we say that X is equidimensional; we prove in that case -see Proposition 5.2 -that the group scheme C is smooth over A.
If P 0 denotes the instability parabolic subgroup of G /K determined by the nilpotent element X K ∈ g(K), we prove -see Proposition 5.5 -that there is a parabolic A-subgroup scheme P ⊂ G for which P /K = P 0 .
This assertion is immediate in case A is a discrete valuation ring; see (3.10.3). The general case is a consequence of (2.6.3). Note that for general A as above, the conclusion of Proposition 5.5 actually holds by construction for a collection of equidimensional sections X ∈ g(A) realized as "Richardson sections"; see Theorem 5.4.
The existence of Richardson sections just mentioned also shows that for s ∈ Spec(A) and a nilpotent element Y ∈ g(k(s)), there is an equidimensional nilpotent section X ∈ g(A) such that Y is geometrically conjugate to the value X(s) ∈ g(k(s)) of X; moreover, the construction of this X makes clear that the Bala-Carter datum of the nilpotent element X(t) ∈ g(k(t)) is constant for t ∈ Spec(A).
We may now state a key result: locally in theétale topology of Spec(A), the centralizer C has a Levi factor. This means that after possibly replacing A by a finite,étale, local extension, we may find a closed, smooth subgroup scheme L ⊂ C such that L o is reductive and such that L t is a Levi factor of C t for t ∈ Spec(A); cf. Theorem 5.7.
The existence of the Levi factor L essentially settles Theorem A. Note that we also provecf. Corollary 5.7 -for any equidimensional nilpotent section X that the Bala-Carter datum of X(t) is constant for t ∈ Spec(A).
For Theorem B one considers the sheaf on theétale site of A determined by the quotient
When G is a semisimple group scheme over A with adjoint root datum, Theorem B is known for the geometric fibers of G; it follows that the sheaf L/L o is represented by a finiteétale group scheme over A. To complete the proof of Theorem B, we must argue when G is no longer adjoint that the sheaf L/L o is still represented by a finiteétale group scheme; this is carried out in §7.
Theorem A was announced by the author in June 2005 in a talk in the conference on Algebraic Groups and Finite Reductive Groups at the Bernoulli Center of theÉcole Polytechnique Fédérale de Lausanne. The author thanks Jens Carsten Jantzen, Michel Raynaud, and JeanPierre Serre for useful remarks during the preparation of this manuscript.
2. SOME RECOLLECTIONS 2.1. Assumptions and notation. Let A be a Noetherian integral domain. We are going to consider schemes over A, and -as e.g. in [Ja 03] -we will interchangeably regard a scheme over A either as a set-valued functor on all commutative A-algebras [more precisely: all commutative A-algebras in some universe, to avoid well-known logical pitfalls] or as the ringed topological space which represents this functor.
Given a scheme X of finite type over A and a point x ∈ X we write O x for the local ring of x, and we write k(x) for the residue field of O x . When X = Spec(A), we write A x for this local ring. We will denote by k(x) a separably closed field containing k(x); thusx is a geometric point of X.
If t is a point of Spec(A), we write X t for the fiber product X × Spec(A) Spec k(t); then X t is a scheme of finite type over the field k(t).
Similarly, if A ⊂ B is an extension, we write X /B for the fiber product X × Spec(A) Spec B; then X /B is a scheme of finite type over B. If X is an A-scheme, then we say that a property of X holds locally in theétale topology of A if the property holds for the B-scheme X /B for a suitable finite,étale, local extension B of A; note that B is then necessarily a domain.
2.3. Smoothness of stabilizers. In this section, A is a Noetherian integral domain. Let G be a group scheme which is smooth and of finite type over A, and let Y be a scheme which is flat and of finite type over A. Suppose that G acts on Y and that the action is given by a morphism of A-schemes a :
is an A-section, then for each commutative A-algebra Λ, the section α determines a section α Λ ∈ Y(Λ); for t ∈ Spec(A) we write α(t) for the image α k(t) in Y(k(t)).
Let now α, β ∈ Y(A) be two A-sections of Y. The transporter Trans G (α, β) is the subfunctor of G given for each commutative A-algebra Λ by
In particular, the stabilizer Stab G (α) = Trans G (α, α) is the subfunctor of G given by
Write µ α for the orbit mapping
where S is the spectrum of A. Then we see that the sub-functor Trans G (α, β) may be identified with the fiber product G × Y,φ β S:
It is thus a subscheme of G which is of finite type over A, and it is closed in G if φ β is a closed embedding. In particular, the stabilizer Stab G (α) is a subscheme of G which is of finite type over A; it is closed in G in case φ α is a closed embedding. We are interested in conditions under which the transporter Trans G (α, β) and the stabilizer Stab G (α) are smooth; we give two such conditions, as follows: (2.5.1). For each integer n, the set of x ∈ X such that dim x π −1 (π(x)) ≥ n is closed in X. Now suppose that A is a local, Noetherian domain. Let η ∈ S be the generic point and let s ∈ Spec(A) be the closed point.
Proof. Let t ∈ Spec(A). Arguing as in [EGA IV, Cor. 13.1.6], assertion (2.5.1) shows that dim X t ≥ e. On the other hand, let p ⊂ A be the prime ideal corresponding to t. We may form the fiber product X × Spec(A) Spec(A/p). The morphism Spec(A/p) → Spec(A) is just the inclusion of the closure of {t} in Spec(A); in particular, t is (identified with) the generic point of Spec(A/p), and s remains the closed point. For any point r ∈ Spec(A/p) ⊂ Spec(A), the fiber over r of X × Spec(A) Spec(A/p) identifies with X r . Thus the inequality f ≥ dim X t results from the inequality already established. Proof. First note that uniqueness of the section x is immediate, e.g. since the image of x in X(k(η)) must coincide with x k(η) . We now prove the existence of x. In view of the uniqueness of the section x, it suffices to construct x locally on Spec(A); thus, we may and will suppose that A is moreover local. Write s ∈ Spec(A) for the unique closed point, and write k = k(s)
Before beginning the proof, choose a very ample invertible sheaf L on X; thus L = i * O(1) for a suitable closed embedding i : X → P n /A . Let t 0 , t 1 , . . . , t n ∈ L(X) be global sections such that for each 0 ≤ i ≤ n, the set X t i is an affine open A-subscheme, and the affine opens X t i cover X.
The proof proceeds by induction on d = dim A. When d = 1, the domain A is itself a discrete valuation ring and the existence of the desired section x ∈ X(A) follows immediately from (2.6.2).
Suppose now that d > 1 and suppose that the result is true in dimension strictly less than d. Let p denote a height one prime ideal of A. Then the quotient A/p is a Noetherian, normal, local domain of dimension d − 1. For each A/p-algebra F which is a field, we have of course the section x F , and it is clear that these sections satisfy conditions (S1) and (S2) for the ring A/p. Thus, the induction hypothesis gives now a section x ′ ∈ X(A/p) whose image in X(F) coincides with x F for each A/p-algebra F that is a field.
Since p has height one and since A is normal, the localization A p is a discrete valuation ring. The residue field of A p is k(p), the field of fractions of A/p. By the result when d = 1, we may find a section x p ∈ X t j (A p ) whose image in X(k(p)) coincides with the image of x ′ .
Since X t j is an affine A-scheme for each j, we may now apply (2.6.1) to the restriction to X t j of the sections {x p }; we then find the required section x ∈ X(A).
REDUCTIVE GROUPS
We are going to work throughout the remainder of the paper with a local, normal, Noetherian domain A. Write K for the field of fractions of A and k for its residue field. Also, write η ∈ Spec(A) for the generic point; thus K = k(η). 3.2. Reductive group schemes. Recall that a group scheme G over A is said to be reductive provided that G is smooth and of finite type over A and that the fiber G¯t is a (connected and) reductive algebraic group for each algebraically closed geometric pointt of Spec(A). The reductive G is moreover semisimple if all G¯t are semisimple algebraic groups.
If G is a group scheme and T ⊂ G is a subgroup scheme, one says that T is a maximal torus if it is a torus, and if T t is a maximal torus in G t for each point t of Spec(A). A result of Grothendieck says: The reductive group G is said to be split if it has a split maximal torus T. If G has a split maximal torus T, the root datum of G with respect to T is R = (X, Y, R, R ∨ ) where X = X * (T) is the character group of T, Y = X * (T) is the group of cocharacters of T, R ⊂ X is the set of roots, and R ∨ is the set of coroots. We have the following existence theorem of Chevalley: Proof. The kernel R = ρ −1 (1) identifies with the fiber product H × L,ρ Spec(A); since ρ is assumed to be smooth, R is smooth over A.
Since L t is a Levi factor of H t for each t, Φ t is an isomorphism for each t ∈ Spec(A). We have seen that R is smooth, so the group L ⋉ R is smooth. Since both L ⋉ R and H are smooth -hence flat -over A, it now follows from [SGA 1, Exp. I, Prop. 5.7] that Φ is itself an isomorphism.
3.4. The identity component. Let again H be a smooth and separated group scheme of finite type over A. 
.1). There is a smooth, normal, and open subgroup scheme H o ⊂ H which is the union of the connected components of the groups H t for t ∈ Spec(A).
For us, an important property of the connected component is the following: 3.6. Some centralizers. Let H be a group scheme which is smooth of finite type over A. Let D ⊂ H be a subgroup scheme of multiplicative type. Sketch. Since C G (D) is closed and smooth over A by (3.6.1), it suffices to show that C G (D)¯t has reductive identity component for each t ∈ Spec(A); thus, it is enough to prove the result when G is reductive over an algebraically closed field. In that case, D is diagonalizable, and arguing by induction on dim G one quickly reduces to two cases: D a torus, in which case C G (D) is a Levi factor of a parabolic subgroup of G, and D a cyclic group of order invertible in the field, in which case the result follows from [St 68, Cor. 9.3].
.2). If H o is reductive, then H o is closed in H.

Proof. Since H o is reductive, there is a maximal torus
Remark. In fact, the preceding result remains valid for any diagonalizable group D. It seems to be difficult to find a reference for this more general fact. In case D is smooth, the assertion that 
4). Let T ⊂ G be a torus. Then C G (T) is a closed and reductive subgroup scheme.
Proof. In view of (3.6.2), it only remains to show that 
.7] If T is a split maximal torus of G, there is a maximal torus T ′ ⊂ Der(G) contained in T.
3.8. Good and very good primes. Let f denote an arbitrary field, and let H be a geometrically quasisimple algebraic group over f with absolute root system 2 R. The characteristic p of f is said to be a bad prime for R in the following circumstances: p = 2 is bad whenever R = A r , p = 3 is bad if R = G 2 , F 4 , E r , and p = 5 is bad if R = E 8 . Otherwise, p is good. [Here is a more intrinsic definition of good prime: p is good just in case it divides no coeficient of the highest root in R].
If p is good, then p is said to be very good provided that either R is not of type A r , or that R = A r and r ≡ −1 (mod p).
If H is reductive, one may apply [KMRT, Theorems 26.7 and 26.8] 3 to see that there is a possibly inseparable isogeny
The absolute root system of G is the root system of G /fsep where f sep is a separable closure of f.
3 [KMRT] only deals with the semisimple case; the extension to a general reductive group is not difficult to handle, and an argument is sketched in the footnote found in [MT 07, §2.4].
for some f-torus T and some r ≥ 1, where for 1 ≤ i ≤ r there is an isomorphism H i ≃ R E i /f J i for a finite separable field extension E i /f and a geometrically quasisimple, simply connected E i -group scheme J i ; here, R E i /f J i denotes the "Weil restriction" of J i to f. Then p is good, respectively very good, for H if and only if that is so for J i for every 1 ≤ i ≤ r. Let f alg be an algebraic closure of F. Since the groups J i/f alg are uniquely determined by H /f alg up to central isogeny, the notions of good and very good primes depend only on the group H /f alg , and these notions depend only on the central isogeny class of the derived group of H /f alg Let now G be a split semisimple scheme over A with split maximal torus T and corresponding root datum R. Suppose that the characteristic of the residue field k is very good for G s = G /k . For any point t of Spec(A), either the characteristic of k(t) is zero, or is the same as the characteristic of k; thus also the characteristic of k(t) is very good for G t . 3.10. Parabolic subgroups. Let G be a reductive group scheme over A, and let P ⊂ G be an A-subgroup scheme. One says that P is an A-parabolic subgroup scheme of G if P is smooth over A and if P t is a parabolic subgroup of G t for each point t of Spec(A).
We recall the following: 
Then Par is (represented by) a smooth and projective scheme over Spec(A).
(3.10.2). Let P, Q ⊂ G be A-parabolic subgroup schemes, and write η for the generic point of Spec(A).
Proof. For (a), note first that by (3.10.1) the scheme Par of parabolic subgroups of G is projective -hence in particular, separated -over A. 
Proof. Indeed, uniqueness follows from (3.10.2)(a). Since the scheme Par of parabolic subgroups of G is projective (3.10.1), and since A is a discrete valuation ring, it follows that its K-points are the same as its A-points [Li 02, Theorem 3.3.25].
The validity of (3.10.3) indeed requires some hypothesis on A. Notice that if G = GL 2 , then the scheme of Borel subgroups of G identifies with the projective line P 1 A . If k is a field and A is the 2 dimensional (regular, hence normal)
3.11. Cocharacters and parabolic subgroups. If H is an algebraic group over a field f, a cocharacter of H is an f-homomorphism G m → H. In this paper, we will be interested more generally in homomorphisms of group schemes from the multiplicative group to a given group. Let H be an A-group scheme, consider a representation of H on a free A-module of finite rank V given by the comodule map ρ : 
Form the ideal I generated by
Proof. It follows from [Sp 98, Prop. 8.4.5 and Theorem 13.4.2] that P = P(φ) determines a parabolic subgroup of each fiber upon base-change; in particular, P t is smooth over k(t) for each t ∈ Spec(A). To see that P is smooth over A, we may first replace A by anétale local extension and thus suppose the image of φ to lie in a split maximal torus of G. Then P is a standard parabolic and hence smooth.
Let P be any parabolic subgroup scheme of G.
(3.11.4). [SGA 3, Exp. XXVI, Prop. 1.6] There is a largest normal subgroup scheme R = R u (P) ⊂ P which is smooth over A and has connected and unipotent geometric fibers. The geometric fiber R¯t is the unipotent radical of P¯t for each t ∈ Spec(A).
Recall from §3.3 that by a Levi subgroup scheme of P we mean a closed and smooth subgroup scheme L ⊂ P such that L o is reductive and such that L t is a Levi factor of P t for each t ∈ Spec(A). Since A is assumed to be local, we have: Using [SGA 3, Exp. XXVI, Prop. 1.6], we see that the conditions of (3.3.1) hold; thus P is isomorphic to the semidirect product L ⋉ R u (P) for any Levi factor L of P.
In fact, we can be a bit more precise regarding Levi subgroups and maximal tori, as follows: 
It follows from (3.10.2)(a) that P = P(φ). Finally, (3.11.6) gives the required Levi subgroup scheme of P.
NILPOTENT ELEMENTS AND THE INSTABILITY PARABOLIC OVER A FIELD
In this section, we let f be an arbitrary field, and we suppose that G is a D-standard reductive group over f with Lie algebra g. Let X ∈ g(f) be a nilpotent element.
4.1. Associated cocharacters. We write X * (G) for the collection of f-homomorphisms G m → G. If Ψ ∈ X * (G), recall that -as in 3.11 -we may write g = n∈Z g(Ψ; n) where we regard the Lie algebra g as a G-module via the adjoint representation.
A cocharacter Ψ ∈ X * (G) is said to be associated with X (see [Ja 04, §5]) if the following conditions hold:
(A1) X ∈ g(Ψ; 2), and (A2) there is a maximal torus
is its derived group. By regarding the nilpotent element X as an unstable vector in the G-representation g and using the notions of optimal cocharacters and the instability parabolic due to Kempf and to Rousseau, one finds:
(4.1.1). Let X ∈ g be nilpotent.
(a) There is a cocharacter Ψ associated with X.
is defined over F, and is an f-split unipotent group.
The parabolic subgroups P(Ψ) for cocharacters Ψ associated with X all coincide.
Proof. In the "geometric case" -when f is algebraically closed -(a) is essentially a consequence of Pommerening's -and more recently, Premet's -proof of the Bala- We write P X for the common parabolic subgroup of part (f) of (4.1.1); we say that P X is the instability parabolic subgroup attached to X. Of course, any cocharacter of G associated to X is a cocharacter of N G (X). A more precise version of (4.1.1)(a) is as follows: 4.3. Almost associated cocharacters. Let P X be the instability parabolic subgroup attached to X, let Φ be a cocharacter of G, and let f sep be a separable closure of f. We say that Φ is almost associated to X provided that Int(g) • Φ is a cocharacter of G /f sep associated to X for some g ∈ P X (f sep ). 
1). Let S ⊂ P X be a maximal torus. Then there is a unique cocharacter Φ of S which is almost associated to X. The cocharacter Φ is associated to X if and only if S contains a maximal torus of N G (X).
Proof. For the existence of Φ, let S 1 be a maximal torus of N G (X), and let S 0 be a maximal torus of P containing S 1 . Then S and S 1 are maximal tori of P and hence are conjugate by an element g ∈ P(f sep ). If Ψ is the cocharacter of S 1 associated to X, then Int(g) • Ψ is a cocharacter of S which is almost associated to X, as required.
We now argue the uniqueness. Since Φ is P(f sep )-conjugate to a cocharacter associated to X, one knows that Φ is an optimal cocharacter for the unstable vector X in the sense of geometric invariant theory; cf. [Mc 04, §3] . Thus the unicity is a consequence of the result of Kempf and of Rousseau; cf. [Mc 04 , Prop. 13(4)].
The remaining assertion is clear. Proof. Indeed, we have Φ = Int(g) • Ψ for some g ∈ P(f sep ), so the assertion follows from the fact that ∑ j≥2 g(Ψ; j) is Ad(P)-stable.
We have: 3.4) . If the cocharacter Ψ is almost associated with X and if X ∈ g(Ψ; 2), then Ψ is associated with X.
4.4. The Bala-Carter theorem. For a D-standard reductive group over a field f, the geometric nilpotent orbits -i.e. the nilpotent orbits of G /f sep -are described by the Bala-Carter theorem. Let us suppose that f = f sep .
Recall that a parabolic subgroup P ⊂ G is distinguished if
where U is the unipotent radical of P, and Z is the center of G. A nilpotent element X ∈ g is said to be distinguished if a maximal torus of C = C G (X) is central in C; if X is distinguished, then the instability parabolic subgroup P X is distinguished. Each parabolic subgroup has an open orbit -known as the Richardson orbit -on Lie R u P; any element of this orbit is known as a Richardson element for P.
We have the following important theorem:
.1). (The Bala-Carter theorem) Let L be a Levi factor of a parabolic subgroup of G, and let P ⊂ L be a distinguished parabolic subgroup of L. The map which associates to (L, P) the G-orbit of a Richardson element for P determines a bijection between the G-orbits of such pairs (L, P) and the G-orbits on nilpotent elements in Lie(G).
This theorem was originally proved by Bala and Carter in the case where p is "very large". Pommerening gave a proof in good characteristic, using some case analysis in a few situations. Premet [Pr 03] gave recently a short and conceptual proof of this theorem. See also [Ja 04, §4].
If the orbit of a nilpotent element X ∈ Lie(G) corresponds via the Bala-Carter theorem to the pair (L, P), then the G-orbit of (L, P) -or, abusing terminology somewhat, just the pair (L, P) -is said to be the Bala-Carter datum for X. (1) the root datum of a Levi factor of C identifies with the root datum of a Levi factor of C ′ , and
Proof. Indeed, we may choose an algebraically closed field f ′′ containing both f and f ′ . We thus see that it suffices to prove the result when f ⊂ f ′ . But then the Bala-Carter theorem implies that X and X ′ are conjugate by an element of G ′ , and the result is immediate.
NILPOTENT SECTIONS AND THE INSTABILITY PARABOLIC OVER A
In this section, let G be a D-standard (see §3) reductive group scheme over A.
5.1. Equidimensional nilpotent sections. Let X ∈ g(A) be a section of the Lie algebra g = Lie(G), and let C G (X) = Stab G (X) be the centralizer of this section; cf. §2.3. On base change, the group C G (X) t is the centralizer of X(t) in the algebraic group G t for each point t of Spec(A); according to (3.9.2), each group C G (X) t is smooth over k(t). In general, however, the group scheme C G (X) will not be smooth -or even flat -over A.
We say that X is nilpotent if the value of X at the generic point η ∈ Spec(A) is nilpotenti.e. if X(η) ∈ g(K) is nilpotent.
(5.1.1). If X is nilpotent, then also the value X(t) ∈ g(k(t)) is nilpotent for each point t ∈ Spec(A).
Proof. Let
Let t ∈ Spec(A), and consider the localization A t = A p where p ⊂ A is the prime ideal that "is" the point t. Then we have
is locally nilpotent, so that X(t) is indeed nilpotent as required.
We say that a nilpotent section X ∈ g(A) is equidimensional if dim C G (X) t is constant for each t ∈ Spec(A). For example, if G = GL 3 and A is a discrete valuation ring with uniformizing element π, consider the nilpotent sections
Then X 1 is equidimensional, while X 2 is not.
(
5.1.2). Let η, s ∈ Spec(A) be respectively the generic point and the closed point. If
Proof. Since C G (X) is the fiber product G × g Spec(A), it is a scheme of finite type over A.
The assertion now follows from (2.5.2).
5.2.
Smoothness. If L is a free A-module of finite rank d, we can regard L as an A-scheme isomorphic to A d . Moreover, we may consider the A-scheme P(L) given for each commutative A-algebra Λ by P(L)(Λ) = set of those Λ-direct summands of L ⊗ A Λ having rank 1.
Then P(L) is isomorphic to P d−1 . For each s ∈ Spec(A), the scheme P(L) s obtained by base-change is just the projective space of the
We are going to consider the A-schemes g and P(g) where g = Lie(G). Of course, G acts on g by the adjoint representation. If Y ∈ g(A), we write C G (Y) for the stabilizer Stab G (Y) of the sections Y.
The adjoint action of G on g determines also an action of G on the projective space P(g). If Y ∈ g(A) is a section whose image in g(k) is non-zero, where k is the residue field of A, then AY is an A-direct summand of g(A), so it determines a section [Y] ∈ P(g)(A). We write
Let X ∈ g(A) be a non-zero equidimensional nilpotent section. Since X is equidimensional, evidently X(s) = 0; thus X determines a section [X] ∈ P(g)(A).
Proposition. The subgroup schemes C G (X) and N G (X) of G are smooth over A.
Proof. For each t ∈ Spec(A), we know that the dimension of N G (X) t is one more than the dimension of C G (X) t ; cf. [Ja 04, §5.3]. We know from (3.9.2) that C G (X) t is smooth, and it follows from [Mc 04, Lem. 23 ] that N G (X) t is smooth. Thus the Proposition follows from (2.3.2) using equidimensionality.
Richardson sections.
Let X = A n /Z be affine n-space over Z for some n ≥ 1, and let S = {p 1 , . . . , p n } be a finite set of n distinct prime numbers. We regard the p i as points of Spec(Z), and we write ξ for the generic point of Spec(Z).
Suppose Let now A be a local, normal, Noetherian domain, and suppose that G is a split reductive group over A, with split maximal torus T.
(5.3.2). Let P ⊂ G be a parabolic subgroup scheme containing T. (a) There is a regular function f ∈ A[Lie(R u P)] such that for each t ∈ Spec(A), the distinguished open subset of the k(t)-scheme Lie(R u P) t determined by the non-vanishing of f k(t) is contained in the Richardson orbit of P t on Lie(R u P) t . (b) If the residue field of A is infinite, there is a section X ∈ Lie(R u P)(A) such that X(t) is a Richardson element for P t for each t ∈ Spec(A).
Proof. There is a split reductive group scheme G 0 over Z and a split maximal torus T 0 such that G = G 0/A and T = T 0/A . Now choose an A-homomorphism φ : G m → T such that P = P(φ) as in (3.11.7). Since T 0 is a split torus over Z, there is a Z-homomorphism ψ : G m → T 0 such that φ = ψ /A . Writing P 0 for the parabolic Z-subgroup scheme of G 0 determined by ψ, we have P = P 0/A .
On the geometric fibers, it follows from the finiteness of the number of nilpotent G Let p denote the characteristic of the residue field of A; if p > 0, let S = {p}; otherwise, let S = ∅. Now use (5.3.1) applied to X = Lie(R u P 0 ) and the set S to find a regular function f ∈ Z[Lie(R u P 0 )] whose image in A[Lie(R u P)] has the required properties. This proves (a).
For (b), since k(s) = k is infinite, where s ∈ Spec(A) is the closed point, one may choose an element Y ∈ Lie(R u P)(k) such that the regular function f k does not vanish at Y. Let X ∈ Lie(R u P)(A) be any section such that X(s) = Y. Then evidently the value f (X) is a unit in A; it now follows from (a) that X(t) is a Richardson element for P t for each t ∈ Spec(A), as required.
Existence of equidimensional nilpotent sections. Assume throughout this section that
A is a normal, local, Noetherian domain with infinite residue field k, and that the reductive group scheme G is split over A, with split maximal torus T ⊂ G. We suppose that G is D-standard.
Let L ⊂ G be a Levi factor of some parabolic subgroup scheme of G, and suppose that
Since T is a split torus, we may choose an isomorphism T ≃ D A (X) where X = X(T) is the free Abelian group Z r ; then X(T) identifies with the group of characters Hom A (T, G m ). 
5.4.2). Let φ : G m → T be the cocharacter of (5.4.1)(c). There is a section X ∈ Lie(L)(φ; 2)(A) such that (a) X(t) is a Richardson element for Q t , (b) φ t is associated with X(t), and (c) the Bala-Carter datum of X(t) is (L t , Q t ). for each t ∈ Spec(A). Moreover, X is an equidimensional nilpotent section of Lie(G).
Proof. Since the residue field of A is assumed to be infinite, we may use (5.3.2) to find a section Y ∈ Lie(R u Q)(A) such that Y(t) is a Richardson element for Q t for each t ∈ Spec(A).
It follows from [Ja 04, Lem. 5.2 and Lem. 5.3] that φ t is almost associated with X(t) for each t ∈ Spec(A).
Since Q is the parabolic subgroup determined by φ, we know that
Lie (L)(φ; i) .
Thus, we may write
It follows from (4.3.3) that for each t ∈ Spec(A), the element Y 2 (t) is Richardson for Q t , and the cocharacter φ t is associated with Y 2 (t); in particular, if we set X = Y 2 then (a), (b), and (c) hold for X.
Write P for the parabolic subgroup scheme P(φ) ⊂ G. Since φ t is associated with X(t) for each t ∈ Spec(A), we know P t to be the instability parabolic of X(t), so that -by (4.1.1) -we have C G (X) t ⊂ P t for each point t of Spec(A). Now, the P t -orbit of X(t) is dense in ∑ j≥2 g(φ; j) t by (4.3.3). It follows that the centralizer of X in P has constant dimension on the fibers of Spec(A), so that X is indeed equidimensional.
Theorem. Let t ∈ Spec(A) and let Y ∈ g(k(t)) be a nilpotent element. Then there is a Levi subgroup scheme L of a parabolic subgroup scheme of G, an A-homomorphism Φ : G m → L, and a nilpotent section X ∈ Lie(L)(Φ; 2)(A) for which the following conditions hold: (a) X is an equidimensional nilpotent section of g, (b) X(t) is G¯t-conjugate to Y, (c) for each u ∈ Spec(A), the Bala-Carter datum of X(ū) is (Lū, Qū), where Q is the parabolic subgroup scheme P L (Φ) of L determined by Φ. (d) P u is the instability parabolic of G u determined by X(u) for each u ∈ Spec(A), where P = P G (Φ) is the parabolic subgroup scheme of G determined by Φ. In particular, Φ u is a cocharacter of G u associated with X(u) for each u ∈ Spec(A).
Proof. Recall that T is a fixed split maximal torus of G. Suppose that (L 0 , Q 0 ) is the Bala-Carter datum of Y; thus L 0 is a Levi subgroup of a parabolic subgroup of G t , Y is distinguished in Lie(L 0 ), and Q 0 is a distinguished parabolic subgroup of L 0 . Since we work up to geometric conjugacy, we may as well suppose that L 0 is defined over k (t) , that L 0 contains T t , and that T t contains a maximal torus of the centralizer in G of Y. This last condition shows that L 0 is the centralizer of the image of some cocharacter of T t . Since T is a split torus, this cocharacter arises by base change from an A-homomorphism Φ : G m → T; in view of (3.11.6), there is a Levi subgroup scheme L of a parabolic subgroup scheme of G for which L t = L 0 . Now use (5.4.1) to see that Q = P L (Φ) is a distinguished parabolic subgroup scheme of L for which Q t is Lη conjugate to Q 0 . Finally, use (5.4.2) to find an equidimensional nilpotent section X ∈ Lie(L)(Φ; 2)(A) for which X(u) has Bala-Carter datum (L u , Q u ) for each u ∈ Spec(A). Then X(t) is G¯t-conjugate to Y. Thus (a), (b) and (c) hold.
By (5.4.2), Φ u is a cocharacter of G u associated with X(u) for each u ∈ Spec(A). Denoting by P the parabolic subgroup scheme P G (φ), we conclude that P u is the instability parabolic of X(u) for each u ∈ Spec(A); thus (d) holds as well.
5.5. The instability parabolic of X. Let X ∈ g(A) be an equidimensional nilpotent section. Let η ∈ Spec(A) be the generic point, and let P 0 ⊂ G η by the instability parabolic subgroup determined by X(η).
Proposition. There is a unique A-parabolic subgroup scheme P ⊂ G such that P 0 = P η .
Proof. Unicity follows from (3.10.2)(a). For existence, first suppose that A is a discrete valuation ring. In that case the conclusion of the Proposition is a consequence of (3.10.3).
Since the scheme Par of parabolic subgroups of G is projective (3.10.1), the Proposition now follows in the general case from (2.6.3).
Remark. The conclusion of the Proposition has already been observed for the nilpotent sections obtained using Theorem 5.4. 5.6.Étale local existence of associated cocharacters over A. With notation as before, write P ⊂ G be the parabolic subgroup scheme for which P η is the instability parabolic of X(η).
(5.6.1).
(i) There is an A-homomorphism Φ : G m → P such that the cocharacter Φ η is almostassociated with X(η).
(ii) For each t ∈ Spec(A), the P t -orbit of X(t) is separable and dense in ∑ i≥2 g(Φ; i) t .
Proof. Using (3.11.5), we choose a maximal torus T ⊂ P. Let Φ 0 be the unique cocharacter of T η which is almost-associated to X(η). It follows from (3.11.2) that there is an Ahomomorphism Φ : G m → T inducing Φ 0 on base-change; this proves (i).
We now prove (ii). Since Φ η is almost associated with X(η), the P η -orbit of X(η) is dense in ∑ i≥2 g(Ψ; j) η by (4.3.3). In particular, X may be regarded as an A-section of ∑ i≥2 g(Ψ; j) and so X(t) is a section of ∑ i≥2 g(Ψ; j) t .
Write d for the A-rank of the free A-module ∑ i≥2 g(Ψ; j). Since the centralizer of X(η) in G η is contained in P η , we have by assumption that
Since the P t -orbit of X(t) lies in ∑ i≥2 g(Ψ; j) t , and since X is equidimensional, this orbit has dimension
For dimension reasons, we conclude that the P t -orbit of X(t) is dense in ∑ i≥2 g(Ψ; i) t . Since C G (X) t is smooth (3.9.2), the dimension of the centralizer of X(t) in the Lie algebra g t coincides with dim C G (X) t . It follows that the dimension of the centralizer of X(t) in the Lie algebra Lie(P) t must coincide with dim C P (X) t , so that the P t -orbit of X(t) is indeed separable.
Let M be a free A-module of finite rank, and write M η = M ⊗ A K. 
indeed implies that N = N ′ ; the other implication is even simpler.
Proposition. Let P 1 ⊂ G be the A-parabolic subgroup scheme for which P 1,η is the instability parabolic of X(η). Let Ψ : G m → P 1 be an A-homomorphism such that Ψ η is almost associated to X(η).
is the instability parabolic of X(t) for each t ∈ Spec(A) (ii) Ψ t is almost associated to X(t) for each t ∈ Spec(A). (iii)
There is a finite,étale, local extension B ⊃ A and a section g ∈ P 1 (B) such that if we put
is a cocharacter associated to X(t) for each t ∈ Spec(A).
Proof. Since P 1,η = P 1 (Ψ) /η , it follows from the uniqueness assertion in Proposition 5.5 that P 1 = P(Ψ). Also notice that (i) and (ii) are consequences of (iii); we will just prove (iii).
The statement is unchanged if we replace A by a finite,étale, local extension; thus, we may and will suppose that G is split, say with split maximal torus T.
Using Theorem 5.4, we locate a Levi subgroup scheme L of a parabolic subgroup scheme of G, an A-homomorphism Φ : G m → L and a section Y ∈ Lie(L)(Φ; 2)(A) such that
the parabolic subgroup scheme of L determined by Φ, and • for every u ∈ Spec(A), P u is the parabolic subgroup of G u associated with Y(u) and Φ u is a cocharacter of G u associated with Y(u), where P = P G (Φ) is the parabolic subgroup scheme of G determined by Φ. We may evidently suppose that Q contains the split maximal torus T of G.
We know that P 1,η and P η are Gη-conjugate. After possibly replacing B by a finiteétale, local extension, we may suppose that P 1,η and P η are conjugate by an element in G(k(η) ). Using [SGA 3, Exp. XXVI, Cor. 5.5 (i)] we see that P 1 and P are G(A)-conjugate; thus we may and will suppose that P 1 = P. Then both cocharacters Φ η and Ψ η are almost associated with X(η).
It follows that ∑ i≥2 g(Ψ; i) η = ∑ i≥2 g(Φ; i) η ; using (5.6.2), we can now conclude that
By (5.6.1) the P t -orbits of X(t) and of Y(t) are separable and dense in
for each point t of Spec(A). Using (2.4.2) we may find a finite,étale, local extension B of A such that X and Y are conjugate by an element of P(B); we may and will replace A with B so that X and Y are conjugate by an element of P(A). Thus, we may and will suppose that X = Y. Since the centralizers of Φ and of Ψ are Levi subgroup schemes of P (3.11.6), we may find maximal tori T 1 , T 2 ⊂ P such that Φ factors through the inclusion of T 1 in P and such that Ψ factors through the inclusion of T 2 in P. Since T 1 and T 2 are locally conjugate for theétale topology of P [SGA 3, Exp. XII, Thm 1.7], after replacing A by a finite,étale, local extension, the maximal tori T 1 and T 2 are conjugate by an element of P(A). Thus we may suppose that T 1 = T 2 ; but then Φ η = Ψ η by (4.3.1). It now follows that Φ = Ψ. But then one knows for each t ∈ Spec(A) that Φ t = Ψ t is associated with Y(t) = X(t) and the proof is complete.
Maximal tori and Levi factors.
We are going to prove in this section the main Theorem regarding the existence of a Levi factor of the centralizer of an equidimensional nilpotent section. We first require a preliminary observation.
Let H be a smooth group scheme over A. For t ∈ Spec(A), let ρ r (t) = ρ r,H (t) be the dimension of a maximal torus of the k(t)-group H¯t for some (hence any) geometric pointt above t. Proof. The equivalence of (a) and (c) follows from [SGA 3, Exp. XII, Thm. 1.7(b)], while the equivalence of (a) and (b) follows from the lower semi-continuity of ρ r on Spec(A); cf. loc. cit. Thm. 1.7(a).
Theorem. Let G be a D-standard reductive group scheme over A, let X ∈ g(A) be an equidimensional nilpotent section, let C = C G (X), and let N = N G (X). Proof. Let P be the A-parabolic subgroup scheme of G for which P η is the instability parabolic for X(η); see Proposition 5.5. Now, (a) has been proved already in Proposition 5.6.
In order to prove (b), (c) and (d), we may and will replace A by a finite,étale, local extension; thus we may suppose by part (a) that φ : G m → G is an A-homomorphism for which φ t is associated with X(t) for all t ∈ Spec(A).
The centralizer L of the image of φ in C is a (closed) subgroup scheme of C, and L is smooth over B; cf. (3.6.1). Moreover, it follows from (4.1.1)(d) that L t is a Levi factor of C t for each t ∈ Spec(A), whence (b).
Since the subgroup scheme L o is reductive, one knows that L -and hence C -has a maximal torus by (3.2.1); this proves (c).
According to [Ja 04, §5.3], one knows for each t ∈ Spec(A) that N G (X)¯t is the product of C G (X)¯t with the image of any cocharacter of G¯t associated with X. Since the image of such a cocharacter centralizes some maximal torus in C G (X)¯t, it follows that ρ r,C (t) + 1 = ρ r,N (t).
Using (5.7.1) it is now clear that (d) is a consequence of (c).
For later use, we observe that the proof of part (b) of the preceding Theorem actually proves the first assertion of the following:
(5.7.2). Assume that there is an A-homomorphism φ : G m → G such that the cocharacter φ t of G t is associated to X(t) for each t ∈ Spec(A).
(1) the centralizer of the image of φ in C is a Levi factor L of C. Since φ t is associated to X(t), one knows by (4.1.1) that A[C] n,t = 0 for any t ∈ Spec(A) whenever n > 0. It follows that A[C] n = 0 whenever n > 0; i.e. 
A[C]
Since ρ t is evidently smooth for all t ∈ Spec(A), and since C and L are both flat over A, [SGA 1, Exp. II, Cor. 2.2] shows that ρ is a smooth mapping. In view of (3.3.1), this completes the proof of (2).
Corollary. With assumptions as before, we have the following: (a) Locally in theétale topology there are subgroup schemes Q ⊂ L ⊂ G such that L is a Levi subgroup scheme of a parabolic subgroup scheme of G, Q is a a distinguished parabolic subgroup scheme of L, and (L¯t, Q¯t) is the Bala-Carter datum of X(t) for each t ∈ Spec(A). (b) The root datum of the connected component of a Levi factor of C G (X)¯t is constant for t ∈ Spec(A).
Proof. For the proof of the corollary, we may replace A by a finite,étale, local extension; applying the Theorem for G, we may suppose that C = C G (X) has a maximal torus T. Now let L = C G (T); then L is a Levi factor of a parabolic subgroup scheme of G, and X ∈ Lie(L)(A).
Since T is a maximal torus of C L (X), the Theorem applies also to L. Thus, we may suppose that there is an A-homomorphism φ : G m → L such that φ t is a cocharacter of L t which is associated to X(t) for each t ∈ Spec(A). For (a), let Q = P L (φ) be the parabolic subgroup scheme of L determined by φ. Since φ t is associated with X(t), one knows that Q t is the instability parabolic subgroup of L t determined by X(t) (4.1.1). Since T t is a maximal torus of
For (b), note that L t is a Levi factor of C G (X) t for each t ∈ Spec(A). So (b) follows from [SGA 3, III Exp. XXII Prop. 2.8].
Proof of Theorem A.
Recall that E is an algebraically closed field of characteristic 0, and that F is an algebraically closed field of characteristic p > 0. Theorem A is a consequence of the following more general result:
Theorem. Let G E and G F be reductive groups respectively over E and over F, assume that the root datum of G E coincides with that of G F , and assume that G F is D-standard. Let X E ∈ g E , X F ∈ g F be nilpotent elements with the same Bala-Carter data, let C E and C F be their respective centralizers, and let L E ⊂ C E and L F ⊂ C F be Levi factors (4.1.1). Then the root datum of L o E may be identified with that of L o
F . Proof. Let A be the ring of Witt vectors 6 [Se 79, II §6] with residue field an algebraic closure of the finite field F p . Using (4.4.2) we see that it is enough to prove Theorem A after replacing F by the residue field of A and E by an algebraic closure of the field of fractions of A, and after replacing X F and X E by nilpotent elements with the given Bala-Carter datum.
Let G be a split reductive group scheme over A with the same root datum as G F -for the existence, see e.g. [SGA 3, Exp. XXV, Thm. 1.1]. Then G F identifies with the closed fiber G s of G, and G E identifies with the generic fiber Gη, where η is the generic point of Spec(A).
Use Theorem 5.4 and the Bala-Carter theorem to find an equidimensional nilpotent section X for which X(s) is conjugate to X F and for which X(η) is (geometrically) conjugate to X E . We may and will replace X F by X(s) and X E by X(η).
If C denotes the centralizer in G of the nilpotent section X, it follows from part (b) of Corollary 5.7 that the root datum of a Levi factor of C G (X)¯t = C G¯t (X(t)) is constant for t ∈ Spec(A). This yields the desired result.
THE GROUP OF COMPONENTS OF A GROUP SCHEME
Again let A be a Noetherian, normal, local domain. Our goal in the section following this one is to investigate the groups C t /C o t where t ∈ Spec(A), where C is the group scheme C G (X) for an equidimensional nilpotent section X, and where G is assumed to be a T-standard reductive group scheme over A. We first require some preliminaries, which we study in this section.
Let H be a smooth and separated group scheme over A. We are going to study the sheafquotient H/H o , which we now describe. 6.1. Sheaves. If X is an A-scheme, anétale covering of X is a family ofétale A-morphisms
Following So the assertion will follow once we see that Recall that H is a group scheme which is smooth, separated, and of finite type over A. Proof. It suffices to prove the inequality #(H/J)¯t ≤ #(H/J)η in case t is the closed point s ∈ Spec(A). Indeed, if t ∈ Spec(A) is arbitrary, one replaces A by the normal local ring A t ; since t is the closed point of Spec(A t ) one then deduces the required inequality.
In view of (6.1.3), we have (H/J)s = H(k(s))/J(k(s)); choose a finite separable extension ℓ ⊃ k = k(s) and elements x 1 , . . . , x n ∈ H(ℓ) such that the cosets of the x i are precisely the elements
of H(k(s))/J(k(s)).
We may now use (6.2.1) to find a finite,étale, local extension B ⊃ A with residue field ℓ, and sections y 1 , . . . , y n ∈ H(B) such that y i (s ′ ) = x i in H(ℓ) for 1 ≤ i ≤ n, where s ′ ∈ Spec(B) is the point lying over s.
Since J is closed in H, it follows from (6.2.3) that the classes in H(k(η))/J(k(η)) of the elements x i (η) ∈ H(k(η)) are all distinct. Thus indeed #(H/J)η ≥ n as required.
We now prove that (i) implies (iii); we suppose that there is a finiteétale group scheme Γ representing the sheaf H/J. Since Ax is Henselian, application of [Mil 80, I Theorem 4.2(c)]
shows that the coordinate ring of the finiteétale Ax-group scheme Γ /Ax is a direct product of local rings each with residue field k(x). It follows at once that #Γη = #Γx where η is the generic point of Spec(A), so that indeed #(H/J)x is constant on Spec(A).
We next prove that (iii) implies (ii). Write n for the constant value of #(H/J)x. To prove (ii), we must show that H/J is locally constant. It is enough to prove that H/J is constant after we replace A by a finite,étale, local extension; thus, we may arrange that there are sections y 1 , . . . , y n ∈ H(A) for which the cosets y i (s)J(k(s)) are the n distinct elements of H(k(s))/J(k(s)) = (H/J)s. It follows from (6.2.3) that the cosets y i (η)J(K) are all distinct, where K = k(η) is the field of fractions of A.
Suppose now that B ⊃ A is any finite,étale, local extension and that z ∈ H(B) is any section. Since by assumption (H/J)η has n points, we may find 1 ≤ i ≤ n such that zy 
where e is the identity section of H. Since f is anétale isogeny, it follows that the subgroup scheme ker f ⊂ H 1 is finite andétale over Spec(A).
In view of (6.3.1), the same argument shows that the subgroup scheme ker f o ⊂ H o 1 is finite andétale over Spec(A) as well.
Since the sheaves ker f and ker f o are represented by a finiteétale group schemes, one knows by Proposition 6.2 that #(ker f )¯t is constant and #(ker f o )¯t is constant for t ∈ Spec(A). Thus the quotient sheaf (ker f )/(ker f o ) has the property that #((ker f )/(ker f o ))¯t is constant for t ∈ Spec(A).
The sequence of sheaves on Spec(A) et 
for each t ∈ Spec(A) by the first assertion of Proposition 6.2. If we show that equality holds in ( * ) for each t ∈ Spec(A), then the desired result follows from the equivalence of (i) and (iii) of that same Proposition. Recall that T ⊂ L o is a maximal torus centralized by D. Since all maximal tori of L o are conjugate on the geometric fibers L ot for t ∈ Spec(A), the natural map
determines an isomorphism on each geometric fiber and thus defines an isomorphism of sheaves on Spec(A) et .
After replacing A by a finite,étale, local extension, the characterization (6.4.1) shows that we may suppose N H (T)/T to be a constant sheaf. If n denotes the (constant) order of the geometric stalks, we may choose sections x 1 , x 2 , . . . , x n ∈ N H (T)(A) such that (N H (T)/T)¯t = {x 1 (t), . . . , x n (t)} for each t ∈ Spec(A), where x i (t) denotes the coset x i (t)T(k(t)). Now let y ∈ N L (T)(k(η)). Regarding y as an element of N H (T)(k(η)), we may find 1 ≤ i ≤ n such that x i (η)y −1 = z ∈ T(K). 8 The assumption that D is smooth is imposed here only for lack of adequate reference that
reductive; see the remark following (3.6.2). Given that L o is reductive, the proofs of (6.4.2) and (6.4.3) are independent of the smoothness of D.
Since the torus T contains D, the element z centralizes D η ; it follows that also
We have now proved that the natural map
is surjective. Since for any t ∈ Spec(A) the natural map
is injective by the definition of L o , it follows that equality holds in ( * ), as required.
We will now prove that the assertion of (6.4.2) remains true without the assumption that H = H o . Proof. Consider the subgroup
Thus there is an exact sequence of sheaves on
It follows from (6.4.2) that L 1 /L o is represented by a finiteétale group scheme over A. Suppose we show that the order of the geometric fiber (L/L 1 )¯t is independent of t ∈ Spec(A). Using the exactness of the above sequence of groups, we see that the order of the geometric fiber (L/L o )¯t is independent of t ∈ Spec(A). Since L o is reductive and hence closed in L by (3.4.2), it follows from Proposition 6.2 that L/L o is locally constant and represented by a finiteétale group scheme over A, as required.
It now remains to prove that #(L/L 1 )¯t is constant. Since 
for each t ∈ Spec(A), and the desired result holds if we prove that equality holds in ( * ) for each t.
Recall that T is a maximal torus of H o containing D. Arguing as in (6.4.2), we see that the natural map 
This shows the natural map
Thus indeed equality holds in ( * ), as required.
THE COMPONENT GROUP OF A NILPOTENT CENTRALIZER
Let A be a local, normal, Noetherian domain, let G be a T-standard reductive group scheme over A. Fix throughout this section an equidimensional nilpotent section
Let C = C G (X) be the centralizer in G of X, and recall that C is a smooth group scheme over A; see Proposition 5.2.
According to Theorem 5.7, C has a Levi factor locally in thé etale topology. Thus after replacing A by a finiteétale local extension, we may assume that there is a Levi factor L ⊂ C. In this situation, we have the following: 
Proof. Replacing A by a finite,étale, local extension we may suppose that C has a Levi factor L. According to (7.1.1), we know that Let X ∈ Lie(G)(A) and X 1 ∈ Lie(G 1 )(A) be nilpotent sections, and suppose that d f (X) = d f (X 1 ). Write C = C G (X), N = N G (X), C 1 = C G 1 (X 1 ) and N 1 = N G 1 (X 1 ). Proof. Indeed, it is clear for each t that f t restricts to a separable isogeny f t|C t : C t → C 1,t of k(t)-group schemes, whence dim C t = dim C 1,t . Proof. After possibly replacing A by a finite,étale, local extension, we may use Theorem 5.7(a) to find a homomorphism φ : G m → G such that φ t is a cocharacter of G t associated to X(t) for each t ∈ Spec(A). If ψ = f • φ, it follows from [Mc 04, Lem. 14] that ψ t is a cocharacter of G 1,t associated with X 1 (t) for each t, Using (5.7.2), one knows that the centralizer L of the image of φ in C is a Levi factor, and the centralizer L 1 of the image of ψ in C 1 is a Levi factor.
It is clear that f restricts to a morphism f |L : L → L 1 ; we only must argue that f |L is finite, etale, and faithfully flat.
For that, we notice first that f t|L t : L t → L 1,t is a separable k(t)-isogeny for each t ∈ Spec(A). It follows at once that f is faithfully flat. Moreover, since L and L 1 are smooth over A, [ 7.4. The centralizer of a torus. Let S ⊂ G be a torus, and let M = C G (S) be the centralizer of S in G. Then M is a reductive group scheme over A with connected geometric fibers. Suppose that X ∈ Lie(M)(A) is an equidimensional nilpotent section, and write C = C G (X) and C M = C M (X).
(7.4.1). X is an equidimensional nilpotent section of Lie(G)(A) as well. In particular, C is equidimensional and hence smooth.
Proof. It follows from Corollary 5.7 that there are subgroup schemes Q ⊂ L ⊂ M such that L is a Levi subgroup scheme of a parabolic subgroup scheme of M, Q is a parabolic subgroup scheme of M, and (L¯t, Q¯t) is the Bala-Carter datum of X(t) for each t ∈ Spec(A). Now use Theorem 5.4 to find an equidimensional nilpotent section Y ∈ Lie(G)(A) whose Bala-Carter datum coincides with that of X(η). Since the Bala-Carter datum of X(t) in Lie(G) t is determined by the Bala-Carter datum of X(t) in Lie(M) t , it follows from the Bala-Carter theorem that X(t) and Y(t) are conjugate by an element of G(k(t)). Since Y is equidimensional, it follows that X is equidimensional as well. Remark. It is not clear -to the author, at least -whether the Proposition is true when T is replaced by any diagonalizable subgroup scheme D ⊂ G; in the notation of the (proof of the) Proposition, the difficulty lies in the fact that D need not be contained in a maximal torus of L o 1 , so that (6.4.3) is inadequate. 7.5. The component group of C. Let G be a T-standard reductive group scheme over A. Let X ∈ g(A) be an equidimensional nilpotent section, let C = C G (X), and assume that the pair (G, X) is allowable. Proof. Let first G be semisimple and assume the fiber characteristics are all very good for G. After replacing A by a finite,étale, local extension, we may suppose that G is split; let G ad be the corresponding group of adjoint type and let f : G → G ad be the corresponding map (3.2.3). In view of our assumptions, (3.8.1) shows that f is anétale central isogeny. Since the assertion of the Theorem holds for the pair G ad , d f (X) by Theorem 7.2, the assertion for G now follows from Proposition 7.3.
Proposition. If the sheaf C/C o is represented on
Theorem. Theétale sheaf C/C o is represented on
It is then clear that the assertion of the Theorem holds when G is a group of the form H = H 1 × S where S is a torus and where H 1 is semisimple and the characteristic of k(t) is very good for H t for each t ∈ Spec(A). If S 0 is a torus in the group H, Proposition 7.4 shows that the Theorem holds for M = C H (S 0 ).
If G is any T-standard group, there is anétale isogeny between G and a group of the form M as above; thus the assertion of the Theorem follows from another application of Proposition 7.3. 7.6. Proof of Theorem B. Recall that E is an algebraically closed field of characteristic 0, and that F is an algebraically closed field of characteristic p > 0. Theorem B is a consequence of the following more general result:
Theorem. Let G E and G F be reductive groups respectively over E and over F, assume that the root datum of G E coincides with that of G F , and assume that G F is T-standard. Let X E ∈ g E , X F ∈ g F be nilpotent elements with the same Bala-Carter data, and let C E and C F be their respective centralizers.
Proof. As in the proof of Theorem 5.8, let A be the ring of Witt vectors 9 [Se 79, II §6] with residue field an algebraic closure of the finite field F p . Using (4.4.2), we see -as in the proof of Theorem 5.8 -that it suffices to prove the Theorem after replacing F by the residue field of A and E by an algebraic closure of the field of fractions of A, and after replacing X F and X E by nilpotent elements with the given Bala-Carter datum.
Again, let G be a split reductive group scheme over A with the given root datum. Using Theorem 5.4 and the Bala-Carter Theorem, we may suppose that there is an equidimensional nilpotent section X for which X F is conjugate to X(s) and for which X E is geometrically conjugate to X(η).
If C = C G (X) denotes the centralizer subgroup scheme, it now follows from Theorem 7.5 that (C/C o )s ≃ (C/C o )η. Thus, the component group of the centralizer in Gη of X(η) is isomorphic to the component group of the centralizer in Gs of X(s), as required.
